Rules for integrands of the form (ax% + b x" + ¢ x*""9)°

1: J(ax“+bx"+cx")pdx

Rule:

j(ax“+bx"+cx")pdx — j((a+b+c) x")? dx

Program code:

Int[(a_.*x_"q_.+b_.*x_"n_.+c_.*x_"r_.)"p_,x_Symbol] :=
Int[ ((a+b+c) *x”n)*p,x] /;
FreeQ[{a,b,c,n,p},x] & EqQ[n,q] && EqQ[r,n]

2: J-(axq+bx"+cx2"‘q)pdlx whenq<n A pez

Rule:If g < n A p € Z,then

J(axq +bx"+cx2"‘q)"d1x — [xP9 (a+bx"1 +cx? ("‘q))”dlx

Program code:

Int[(a_.*x_"q_.+b_.*x_"n_.+c_.*x_"r_.)"p_,x_Symbol] :=
Int[x" (p*q) * (a+b*x”" (n-q) +c*x" (2% (n-q) ) ) *p,x] /;
FreeQ[{a,b,c,n,q},x] &% EqQ[r,2xn-q] && PosQ[n-q] && IntegerQ[p]



Rules for integrands of the form (a x~q+b x~n+c x~(2 n-q))"\p

3: J‘\/ax°'+bx"+cx2"‘q dx whenq<n

Derivation: Piecewise constant extraction

v/ax%+b x"+c x2N-4 -9

Basis: 0
X a2 v a+b x"-d1¢ x2 (n-a)

Rule: If g < n, then

Vaxd+bx"+cx2nd

J‘\/ax“+bx"+cx2“‘q dx — jxq/z\/a+bx"‘q+cx2("‘q) dx

X923 + b x"9 4 ¢ x2 (-9

Program code:

Int[Sqrt[a_.*x_"q_.+b_.*x_"n_.+c_.*x_"r_.],x_Symbol] :=
Sgrt[a*x*q+b*x*n+c*xx”" (2xn-q) ]/ (X (q/2) *Sqrt[a+b*x” (n-q) +Cc*X” (2% (n-q) ) ]) *
Int[x”(q/2) *Sqrt[a+bxx” (n-q) +c*Xx* (2* (n-q) ) 1,Xx] /;
FreeQ[{a,b,c,n,q},x] &% EqQ[r,2xn-q] && PosQ[n-q]



Rules for integrands of the form (a x~q+b x~n+c x~(2 n-q))"\p

1
4.J dx when2<n A b2-4ac#+0
Vaxd+bx"+cx2d

1
1:J dx when2<n A b2-4ac#+0
Vax?+bx"+cx2n-2

Derivation: Integration by substitution

. 1 2 1
Basis: = - Subst[4ax2, X,

X (2a+b x"2) }
Vax2+b x"+c x2n2

v ax2+b x"+c x2Nn-2

Rule:If 2 <n A b?>-4ac # 0,then

1 2 1
J dx — - Subst[j dx, X,
Vaxlebx"+cxin2 n-2 4 a- x>

Program code:

Int[1/Sqrt[a_.*x_"2+b_.xx_"n_.+c_.*x_"r_.],x_Symbol] :=
-2/ (n-2) *Subst [Int[1/ (4*a-Xx"2) ,X] ,X,X* (2*a+b*x”" (n-2)) /Sqrt[a*x*2+bxx*n+c*x"r]] /;
FreeQ[{a,b,c,n,r},x] && EqQ[r,2x*n-2] && PosQ[n-2] && NeQ[b"2-4xaxc,0]

X (2 a+b x”*z)

X
v ax2+b x"+c x2n-2

X (2a+ bx"‘z)

Vax2+bx"+cx

2n-2



Rules for integrands of the form (a x~q+b x~n+c x~(2 n-q))"\p

1
2: J dx whenqg<n
Yaxd+bx"+cx2nd

Derivation: Piecewise constant extraction

e X972 ~/a+b x"9+c x2 (179
Basis: Oy V ==
axd+b x"+c x2n-9

Rule: If g < n, then

dx — dx

Vaxd+bx"+cx2nd Vax®+bx"+cx2nd

J‘ 1 X924 a 4+ b x"9 4 ¢ x2 (-9 J‘ 1

X323 4+ b x"9 4 ¢ x2 ("D

Program code:

Int[1l/Sqrt[a_.*x_"~q_.+b_.*x_"n_.+c_.*x_"r_.],x_Symbol] :=
X~ (q/2) *Sqrt[a+b*xx” (n-q) +c*x” (2% (n-q) ) ] /Sqrt [a*x*g+b*X n+Cc*Xx” (2xn-q) ] *
Int[1/ (x*(q/2) *Sqrt[a+b*xx” (n-q) +C*X” (2% (n-q)) 1) ,Xx] /;
FreeQ[{a,b,c,n,q},x] && EqQ[r,2xn-q] && PosQ[n-q]



Rules for integrands of the form (a x~q+b x~n+c x~(2 n-q))"\p

5: J(axq+bx“+cx2"‘q)pdx whenq<n A p¢Z Ab>-4ac#0 Ap>@ Ap(2n-q)+1+0

Derivation: Generalized trinomial recurrence 1b withm = 0,A = 1andB = ©

Rule:lf g<n Ape¢zZ Ab2-4ac+@ Ap>0 Ap(2n-q) +1+0,then

x (ax+bx"+cx2n9)P (n-q) p

j(axq+bxn+cxzn_q)pdx — jxq (2a+bx“‘q) (axq+bx"+cx2"‘q)p'1dlx

+
P(2n-q) +1 pP(2n-q) +1

Program code:

Int[(a_.*x_"q_.+b_.*x_"n_.+c_.*x_"r_.)"p_,x_Symbol] :=
X* (a*X*q+bxx*n+c*x” (2xn-q) ) *p/ (p* (2*n-q) +1) +
(n-q) xp/ (p* (2xn-q) +1) *
Int [x*q* (2*xa+bxx” (N-q) ) * (a*x*q+b*x*n+c*x” (2xn-q) )~ (p-1) ,x] /;
FreeQ[{a,b,c,n,q},x] & & EqQ[r,2xn-q] &% PosQ[n-q] && Not[IntegerQ[p]] && NeQ[b”2-4xaxc,0] &% GtQ[p,0] && NeQ[px(2xn-q)+1,0]



Rules for integrands of the form (a x~q+b x~n+c x~(2 n-q))"\p

6: J(axq+bx“+cx2"‘q)pdx whenq<n A p¢Z Ab>-4ac#0 A p<-1

Derivation: Generalized trinomial recurrence 2b withm = 0,A = 1andB = ©
Rule:lf g<n Ape¢zZ Ab2-4ac+0 A p<-1,then

J(axq+bx"+cx2"‘q)pd1x —

x-9+1 (b2—23c+bcx"‘q) (axq+bx"+cx2"‘q)"’+1 1
- +

a(n-q) (p+1) (b*-4ac) a(n-q) (p+1) (b2—4ac)'

J.x‘q ((pa+1) (b>-2ac)+(n-q) (p+1) (b>-4ac)+bc(pq+ (n-q) (2p+3) +1) x"9) (axq+bx"+cx2"‘q)p+1dlx

Program code:

Int[(a_.*x_"q_.+b_.*x_"n_.+c_.*x_"r_.)"p_,x_Symbol] :=
-X" (-q+1) * (b*2-2xaxc+bxcxx” (n-q) ) * (a*x*q+b*x*n+c*x” (2xn-q) ) * (p+1) / (a* (n-q) * (p+1) » (b*2-4xaxc)) +
1/ (a* (n-q) * (p+1) * (b~2-4xaxc)) *
Int[x*(-q) * ((p*q+1) * (b*2-2xaxcC) + (n-q) * (p+1) * (b*2-4xaxc) +bxCx (p*q+ (N-q) * (2xp+3) +1) *x” (n-q) ) * (a*X*q+b*xx*n+c*x” (2xn-q) ) * (p+1) ,x] /;
FreeQ[{a,b,c,n,q},x] & & EqQ[r,2xn-q] &% PosQ[n-q] && Not[IntegerQ[p]] && NeQ[b”2-4xaxc,0] &% LtQ[p,-1]



Rules for integrands of the form (a x~q+b x~n+c x~(2 n-q))"\p

7: J(axq+bx"+cx2"‘q)pdx whenq<n A p¢z

Derivation: Piecewise constant extraction

(a x9+b x"+c xz”*q> P

XP9 (a+b x"-d+c x2 (1-a) )P

Basis: Oy =’/

Rule:lf g<n A p ¢ Z,then

(axq+bx"+cx2"“‘)p

J(axq+bx"+cx2"‘q)pdx — )p Jx"q (a+bx"‘q+cx2 ("‘q))pdlx

xPd (a +bx"9 4+ ¢ x2 (9

Program code:

Int[(a_.*x_"q_.+b_.*x_"~n_.+c_.*x_"r_.)"p_,x_Symbol] :=
(a*x"q+b*x*n+c*Xx” (2xn-q) ) *p/ (X (p*q) * (a+bxXx” (n-q) +c*x” (2% (n-q) ) ) *p) *
Int [x” (p*q) * (a+bxXx” (n-q) +c*Xx” (2% (n-q) ) ) *p,Xx] /;
FreeQ[{a,b,c,n,p,q},x] &% EqQ[r,2xn-q] && PosQ[n-q] && Not[IntegerQ[p]]

X: j(axq +bx"+cx*"9)Pdx

Rule:

J(axq+bx"+cx2"‘q)pd1x — J(axq+bx"+cx2"‘q)pd1x

Program code:

Int[(a_.*x_"q_.+b_.*x_*n_.+c_.*x_"r_.)"p_,x_Symbol] :=
Unintegrable[ (a*x"q+b*x*n+cxx” (2xn-q) ) *p,x] /;
FreeQ[{a,b,c,n,p,q},x] && EqQ[r,2xn-q]



Rules for integrands of the form (a x~q+b x~n+c x~(2 n-q))"\p

S: J(auq+bu"+cu2"‘q)pdx when u==d + e X

Derivation: Integration by substitution
Rule: If u == d + e x, then

1
J(a ulsbu" +cu?™Pdx — — Subst[J(a x?+bx"+cx?"9)Pdx, x, u]
e

Program code:

Int[(a_.*u_"q_.+b_.*xu_"n_.+c_.xu_"r_.)"p_,x_Symbol] :=
1/Coe-F-Ficient [u,X,1] *Subst [Int[ (a*x*q+b*x*n+cxXx” (2xn-q) ) *p,X],X,u] /;
FreeQ[{a,b,c,n,p,q},x] & EqQ[r,2x*n-q] && LinearQ[u,x] && NeQ[u,X]



